This paper presents an analytical solution for an infinite strip having a circular inclusion, when the strip is subjected to pressure on both sides of the strip. In the analysis, two types of inclusions, i.e., perfectly bonded inclusion (displacements and tractions are continuous) and slipping inclusion (tractions and normal displacements are continuous and shear traction vanishes) are discussed. The solution is based on the Papcovich-Neuber displacement potentials approach and is deduced through making use of simple forms of Cartesian and cylindrical harmonics. The boundary conditions on both sides of the strip and around the inclusion are fully satisfied with the aid of the relationships between the Cartesian and cylindrical harmonics. The solution is represented in the form of graphs and the effects of the inclusions on the stress distribution are clarified.
Introduction
The presence of defect or inclusion in a material gives rise to stress concentrations that may cause either yield or cracking. Therefore, it is very important to know these stresses in engineering design. Recently, advanced composite materials such as FRP(Fiber Reinforced Plastics), FGM(Functionally Gradient Material) and MMC(Metal Matrix Composite) have been developed. Since the strength of these composite materials strongly depends upon the values of elasticity constant, shape, mode of loading, etc. on the interface of each material, the stresses around the inclusion should be clarified for engineering design and micromechanics. Physically, inclusions may represent reinforcing bars in fibers in a laminated composite materials, for example.
These stress concentration problems due to the inclusion have been addressed by many researchers. Inclusions are roughly categorized into two groups, i.e., the perfect bonding type and the sliding one. Many researchers have analyzed the perfectly bonded inclusion in elastic body (1) ∼ (6) . On the other hand, the research on the sliding inclusion problems (7) ∼(12) has progressively increased. A sliding inclusion problem is also a practically important one and much more analysis will be expected in engineering designs.
In this paper, a solution for an elastic strip having a circular inclusion is given when the strip is subjected to a pair of side pressures. The analysis has been developed on the basis of the harmonic displacement potential approach. This solution is represented in terms of simple forms of the Cartesian and cylindrical harmonics in an infinite series and in infinite integral form. In the analysis, the interface between the inclusion and the matrix is assumed to be perfectly bonded or to be allowable to slide. The boundary conditions on the interface between these two materials are satisfied using the relations between the Cartesian and cylindrical
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Method of Solution
Consider an infinite elastic strip having a circular inclusion as shown in Fig.1 . Let the origin of coordinates be at the center of the inclusion and the x-axis be normal to the edge of the strip. Figure 1 shows the Cartesian coordinate (x, y) and the cylindrical coordinate (r, θ). Half width of the strip is taken as unit length. Therefore, without any loss in generality, x, y, r are regarded as dimensionless quantities referring to a typical length of the half-width of the strip. In addition we denote the radius of the inclusion by r = a, both sides of the strip by x = ±1. The uniform pressure p 0 is applied on both sides as shown in Fig.1 and is 2c in length. The governing differential equations, representing equilibrium equations in terms of displacements (u, v), are shown as follows:
where
2 is Laplacian, and κ = 3−4ν (for plane strain) or κ = (3−ν)/(1+ν) (for plane stress), where ν is the Poisson's ratio. Following Papcovich and Neuber, the displacements can be expressed in terms of harmonic displacement potentials ϕ 0 , ϕ 1 , ϕ 2 as (13) , (14) 2Gu = ∂ ∂x
where G is the shear modulus and ∇ 2 ϕ 0 =∇ 2 ϕ 1 =∇ 2 ϕ 2 = 0. The equations (2) can be expressed in the following cylindrical coordinate.
The expressions (2) and (3) can be used for the matrix and the inclusion. To make a clear distinction between the matrix and the inclusion, the shear modulus and Poisson's ratio are expressed asḠ andν for the inclusion.
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(ii) On the interface of the circular inclusion (r = a) (a) Perfectly bonded inclusion
(b) Sliding inclusion
(iii) At infinity (y → +∞)
Here the quantities for the inclusion are denoted by a superior bar. In deriving the required displacement potentials, we should notice that the elastic body consists of a common region of two simply connected domains, i.e., the domain of a strip and that of an infinite body excluding an inclusion, and we make use of the two groups of potentials, those which have no singularities in the strip and those which have singularities at the center of the inclusion.
These potentials are expressed by the following cylindrical harmonics and Cartesian harmonics. For the matrix (r > a):
[II]
For the inclusion (r < a):
n r 2n cos 2nθ,
where A n , B n ,Ā n andB n are unknown constants and ψ 1 (λ), ψ 2 (λ) are unknown functions. These unknowns are determined by the boundary conditions. It should be noted that the potentials [I] account for the disturbance in the strip excluding the inclusion, while potentials [II] allow for the satisfaction of the boundary conditions on the both sides of the strip. For convenience, we split the potentials [I] into the following form.
[ 
Using the following formulae,
the potential [I] − 2 is transformed into the following Cartesian form and is denoted as [I] − 2 * .
[
2m−1 e λx cos λy dλ,
On the other hand, we have no formula expressing the displacement potential [I] − 1 in Cartesian form. Now, after calculating stress components using [I] − 1 in cylindrical coordinate and then transforming them into Cartesian form, we can obtain the following stress components in Cartesian coordinate. 2007 When applying the Fourier inversion theorem to Eqs. (17), (18), we find the unknown functions ψ 1 (λ), ψ 2 (λ) to be
.
The equations (17), (18) 
Then, the potential [II] is rewritten as follows :
α n r 2n cos 2nθ,
It is convenient to express (23) in the following form : i.e.,
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F n and G n in Eq.(24), which come from the side pressure p 0 , are represented as follows: and satisfying the boundary conditions (ii), we get four sets of equations to find the unknown constants A n , B n ,Ā n andB n . The results for a perfectly bonded inclusion are as follows.
(i) (u r ) r=a = (ū r ) r=a is written as
(iii) (σ r ) r=a = (σ r ) r=a is written as
n cos 2nθ
(30)
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where, Γ =Ḡ/G. Equating the coefficients of cos 2nθ and sin 2nθ of both sides of Eqs. (28), (29), (30) and (31), infinite sets of algebraic equations for the unknown constants A n , B n ,Ā n andB n are obtained. Each of these four sets of unknowns are associated with the integer n, which varies from zero or one to infinity.
The displacement field for the matrix is determined by adding the potentials For the sliding inclusions, similar algebraic equations that satisfy the boundary conditions (6) can be obtained. Numerical calculation is performed in the same manner as for the perfectly bonded inclusion.
Numerical Results
Numerical calculations were carried out for several values of the inclusion size a, the load width c and the stiffness ratio Γ =Ḡ/G of the inclusion. Γ is the ratio of the shear moduli and the limiting value Γ → 0 represents a cavity and Γ → ∞ shows a rigid inclusion. We assume a plane stress case and the Poisson's ratios are taken as ν =ν = 0.3 for simplicity.
In solving the infinite system of algebraic equations for unknowns A n , B n ,Ā n andB n , we must truncate the infinite number n to the finite number N. N is set to 20 to satisfy the boundary conditions on the interface to at least three significant figures.
Perfectly Bonded (PB) Inclusion
First, we show a numerical results for the prefect bonding (PB) inclusion. Figure 2 shows the variations σ θ in the matrix with θ on the interface for c = 0.5. The maximum tensile stress occurs at θ = 0
• , 180
• (point A and A' in Fig.1 ), which varies with the rigidity ratio Γ. The maximum compressive stress occurs near θ = 90
• when the inclusion size is smaller. The stress deviate from the point A when the inclusion size becomes larger. Figure 3 presents the variationsσ θ in the inclusion with θ on the interface when c = 0.5. In contrast with σ θ in the matrix, the magnitude of stressσ θ becomes larger when the inclusion size becomes smaller.
Figures 4 and 5 show the variations σ θ in the matrix with θ on the interface when a = 0.2, a = 0.6, respectively. These graphs present the effects of the load width c on the stress σ θ . The maximum tensile stresses at the point A are not so affected by c, but instead the maximum compressive stresses are influenced by c. Figure 6 shows the stress distributionσ y or σ y along the x-axis (0 ≤ x ≤ 1) when c = 0.5. At the interface a sudden change of σ y occurs and the discontinuity decreases when Γ becomes larger. The graph indicates that the insertion of a material into a void within a elastic body is fairly effective to reduce the stress concentration. and Materials Engineering From the above results, it was found that the significant stresses are those occuring at the point A (x = a, y = 0), B (x = 1, y = 0) and C (x = 0, y = a) in the matrix (see Fig.1 ). Figures  7, 8 and 9 show the variation the tensile stress (σ y ) A at (x = a, y = 0), the compressive stress (σ y ) B at x = 1, y = 0 and the compressive stress (σ x ) C at (x = 1, y = 0) in the matrix with the inclusion size a when c = 0.5, 1.0. It is found that the inclusion considerably reduces the stress concentration. and Materials Engineering 
Sliding (SL) Inclusion
Next, we shall consider the sliding inclusion. Figures 10 and 11 give the variations σ θ andσ θ with θ on the interface when c = 0.5, respectively. Contrary to a perfect bonding case, σ θ becomes positive in the neighbourhood of θ = 90
• .
Figures 12 and 13 illustrate the variations σ θ in the matrix with θ on the interface for a = 0.2, a = 0.6, respectively. Figure 14 shows the stress distributionσ y or σ y along the x-axis (0 ≤ x ≤ 1) when c = 0.5. The stressσ y changes its value from positive to negative within the inclusion. and Materials Engineering Finally, we compare the stresses of perfectly bonded inclusion (PB) and the sliding inclusion (SL). Figure 18 , 19 show the variations σ θ with θ for PB and SL when a = 0.2, 0.6 and c = 0.5. The stress values of SL are always higher than that of PB. This is due to the fact
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Conclusion
In this paper we have presented an exact solution for the stresses in a strip that contains a circular inclusion in order to make clear the stress distribution around the interface. The inclusion is assumed to be both perfectly bonded or slipping, embedded in a strip. The parametric study shows the significant differences in the stresses for these two cases.
The following conclusions for both PB and SL inclusion are obtained: ( 1 ) The tensile maximum stress in the matrix occurs at point A when Γ = 0 and conspicuously decreases when Γ increases.
( 2 ) The effect on the edge of the strip is strongest in the case of a hole and decreases as Γ increases.
